Abstract. We prove infinitely many congruences modulo 3, 5, and powers of 2 for the overpartition function p(n) and two smallest parts functions: spt1(n) for overpartitions and M2spt(n) for partitions without repeated odd parts. These resemble the Hecke-type congruences found by Atkin for the partition function p(n) in 1966 and Garvan for the smallest parts function spt(n) in 2010. The proofs depend on congruences between the generating functions for p(n), spt1(n), and M2spt(n) and eigenforms for the half-integral weight Hecke operator T(ℓ 2 ).
Introduction and Statement of Results
Let spt(n) denote the number of smallest parts in the partitions of n. For example, there are 7 partitions of 5, 5, 4 + 1, 3 + 2, 3 + 1 + 1, 2 + 2 + 1, 2 + 1 + 1 + 1, 1 + 1 + 1 + 1 + 1 so spt(5) = 14. The spt function was introduced by Andrews [3] and has since been studied extensively (see, for instance, [1, 8, 9, 10, 11, 16] ). In particular, Garvan gave the following congruences for the spt function in [10] . (ii) If ℓ ≥ 5 is prime, t = 5, 7 or 13 and ℓ = t then for any n ≥ 1, we have spt(ℓ 2 n − s ℓ ) + 12 ℓ 1 − 24n ℓ spt(n) + ℓ spt n + s ℓ ℓ 2 ≡ 12 ℓ (1 + ℓ) spt(n) (mod t).
(1.2)
In this paper we prove results similar to (1.1) and (1.2) for the overpartition function p(n) and for two other smallest parts functions, spt1(n) and M2spt(n).
An overpartition is a partition in which the first occurrence of each distinct part may be overlined or not. (1 − q n ) and q := exp(2πiτ ). Define spt1(n) to be the number of smallest parts in the overpartitions of n having odd smallest part. For example, the overpartitions of 4 having odd smallest part are 3 + 1,3 + 1, 3 +1,3 +1, 2 + 1 + 1,2 + 1 + 1, 2 +1 + 1,2 +1 + 1, 1 + 1 + 1 + 1,1 + 1 + 1 + 1, so spt1(4) = 20. The function spt1(n) has been studied by many authors including Bringmann, Lovejoy and Osburn [5] , who proved the congurence
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In Theorem 1.2 we recover (1.3) and extend the modulus to 2 8 · 3 · 5. By [5, Section 7] , the generating function for spt1(n) is
and we define the function M by
where E 2 is the weight 2 quasimodular Eisenstein series
The function M is a weight 3/2 mock modular form. Ahlgren, Bringmann, and Lovejoy [1] showed that M (τ ) is an eigenform for the weight 3/2 Hecke operator T 3
2
(ℓ 2 ), and we use this fact to prove the following theorem. Theorem 1.2. Let ℓ be an odd prime, and define
Then for t ∈ {2
α , 3, 5}, ℓ = t, and n ≥ 1, we have
Next, define M2spt(n) to be the restriction of spt(n) to those partitions without repeated odd parts and whose smallest part is even. For example, M2spt(7) = 3 since the partitions of 7 without repeated odd parts are (with even smallest parts circled) 7, 6 + 1, 5 + 2 , 4 + 3, 4 + 2 + 1, 3 + 2 + 2 , 2 + 2 + 2 + 1.
By [5, Section 7] , the generating function for M2spt(n) is
and we define functions S2 and M 2 by
where R(τ ) is the generating function for partitions without repeated odd parts, given by
The situation here is similar to that of spt1(n). The function M 2 is also a weight 3/2 mock modular form, and the generating functions P (τ ) and R(τ ) are related under the Fricke involution W 16 . Ahlgren, Bringmann, and Lovejoy [1] proved that M 2(τ ) is an eigenform for the weight 3/2 Hecke operator T 3 2 (ℓ 2 ), and we use this to prove the following result. 
Then for t ∈ {2 β , 3, 5}, ℓ = t and n ≥ 1, we have
(1.8)
Lastly, we give Hecke-type congruences for overpartitions modulo powers of 2. Many authors have found congruences for p(n) modulo powers of 2 (see, for example [7, 12, 14, 13] ), such as p(8n + 7) ≡ 0 (mod 64).
In this paper, we employ the fact that P (τ ) and q 
Then for n ≥ 0 we have
(1.10)
Preliminaries
Let λ be a nonnegative integer, N be a positive integer, and χ be a Dirichlet character modulo 4N . A holomorphic function f (τ ) on the complex upper half-plane H is called a (weakly) holomorphic half-integral weight modular form with weight λ + 1/2 and character χ if it is holomorphic (resp. meromorphic) at the cusps and if
where
Suppose that f has the Fourier expansion f (τ ) = n a(n)q n . For a prime ℓ and a Dirichlet character χ, define the weight λ + 1/2 Hecke operator T λ+
(ℓ 2 ) when the character is trivial) by
where χ * is the Dirichlet character given by χ * (m) :=
A computation shows that the Hecke operator T(ℓ 2 ) commutes with the operator θ := q d dq in the following way:
We define the Fricke involution
Using the fact that η(−1/τ ) = √ −iτ η(τ ), we find that the functions R(τ ) and P (τ ) are related by
) denote the space of modular forms (resp. weakly holomorphic modular forms) of weight k for a congruence subgroup Γ ⊂ SL 2 (Z). For 4 ≤ k ∈ 2Z, E k (τ ) denotes the weight k Eisenstein series
where B k is the k th Bernoulli number and σ m (n) is the sum of divisors function σ m (n) := d|n d m . Some other useful modular forms are
3. Proof of Theorem 1.4
Let ℓ be an odd prime. To prove the statement
from Theorem 1.4, we will show that
To do this we need the congruence P (τ ) ≡ P −7 (τ ) (mod 16), which follows immediately from the fact that ρ(τ ) ≡ 1 (mod 16) and ρ(τ ) = P −8 (τ ). We will also need the following proposition. 
and the first statement in Theorem 1.4 follows.
Proof of Proposition 3.1. Recall that the Fricke involution W N commutes with the Hecke operator T(ℓ 2 ) when ℓ ∤ N (see, for example, chapter 1 of [15] ). Therefore P −7 (τ ) is an eigenform for T(ℓ 2 ) if and only if
(Γ 0 (16)), we use the dimension formulas of CohenOesterle (see [6] ) to compute dim M 7 2 (Γ 0 (16)) = 8, and we explicitly compute that there exists a basis of
where f m (τ ) = q m +O(q 8 ). Notice that R −7 (τ ) vanishes to order 7, so R −7 (τ ) = f 7 (τ ). The form R −7 (τ ) = q 7 +O(q 15 ) is supported on exponents which are 7 (mod 8) so the only coefficients which appear in the q-expansion of R −7 T 7 2 (ℓ 2 ) are those for which the exponent is 7 (mod 8). So we have
for some λ ℓ ∈ Z and therefore
To determine the eigenvalue λ ℓ we use (2.4) to compute
so λ ℓ is the constant term of P −7 T 7 2 (ℓ 2 ) which, by (2.1), is equal to ℓ 5 + 1.
To prove the statement
from Theorem 1.4, we will prove the equivalent statement
where we recall that
To do this we will proceed as before, replacing θP (τ ) by θ P −31 (τ ) + 64P (τ )ψ(τ ) , a switch that is justified by the following lemma.
Proof. Since ρ(τ ) = P −8 (τ ), an equivalent form of (3.3) is
To prove (3.4) we will need the derivatives
Since ρ 4 ≡ 1 (mod 64) and P ≡ 1 (mod 2) we have
Since 2E + E 2 ≡ 1 (mod 2), it remains to show that
Computation shows that
We also have
Congruence (3.7) follws since σ 3 (n) ≡ σ 1 (n) (mod 2).
We return now to the proof of (3.2); in light of (2.2) and (3.3), it is enough to prove the statements
We would like to exchange weight −1/2 for weight 31/2 in the first case and weight 7/2 in the second case. The exchange is trivial in (3.9). To see that it is justified in (3.8), let P −31 (τ ) = ∞ n=0 a(n)q n . Since P (τ ) ≡ 1 (mod 2), a(n) is even for all n ≥ 1. Hence
since ℓ 16 ≡ 1 (mod 64). Therefore (3.8) is implied by
The truth of (3.10) will follow from the next proposition. Assuming for the moment that this proposition is true, we have
Then (3.10) follows from the congruence
which is easily checked.
Proof of Proposition 3.3.
Since the form R −1 (τ ) is supported on exponents which are 7 (mod 8) and the form R(τ ) is supported on exponents which are 1 (mod 8), we conclude that 
Since ψ(8τ ) = R −8 (τ ), we have
Applying the Fricke involution W 16 to (3.11) and multiplying by 8 31/2 , we obtain
Using the fact that ψ vanishes at ∞ and recalling (2.1), we conclude that c 3 = ℓ 29 + 1. Hence,
which completes the proof of Proposition 3.3.
It remains only to prove (3.9) to finish the proof of Theorem 1.
2 (mod 2), we only need to show that
Congruence (3.9) follows, and Theorem 1.4 is proved.
Proof of theorems 1.2 and 1.3 modulo 3 and 5
In this section we prove the congruences (1.5) and (1.8) for the moduli 3 and 5. The proofs use similar techniques, so we present them together. Let ℓ be an odd prime and define t ℓ := 15/(15, ℓ).
Recalling that S(τ ) = n spt1(n)q n , we find that Theorem 1.2 for the moduli t = 3, 5 is equivalent to
We will need the following lemma.
Proof. Since E(τ )ρ(τ ) ∈ M 6 (Γ 0 (2)), it is a linear combination of E 6 (τ ) and E 6 (2τ ). We compute that
We apply Lemma 4.1 to equation (1.4) to obtain
We omit the proof of the next proposition since it is similar to the proof of Proposition 3.1.
(ℓ 2 ) with eigenvalue
from which we can conclude
This completes the proof of (4.1).
To prove Theorem 1.3 for the moduli t = 3, 5 we will prove that
where we recall that S2(τ ) = n (−1) n M2spt(n)q 8n−1 . We omit the proof of the next lemma since it is similar to the proof of Lemma 4.1.
We apply Lemma 4.3 to (1.7) to obtain
, and since W 16 commutes with T(ℓ 2 ) we have, by Proposition
is an eigenform for T 11 2 (ℓ 2 ) with eigenvalue ℓ 9 +1. As in the case of M , we are justified in switching the weight from (ℓ 2 ), we have
Proof of Theorem 1.2 modulo powers of 2
Recalling the definition of S ℓ in (4.1), we must prove that
. By (1.4) and (3.5) we obtain
where h(τ ) is the weight 3/2 weakly holomorphic modular form
Using (2.2) and the fact that M T 3
2) so to prove (1.5) it is enough to prove the statements
The second statement has been established in (3.2) , and the first statement follows from the next proposition, which completes the proof of Theorem 1.2.
where f ℓ 2 (τ ) is given by
for some c n ∈ Z, and j 2 (τ ) is the Hauptmodul on Γ 0 (2) given by
Applying the Fricke involution W 16 and multiplying by √ 8, we obtain
Since
from which (5.5) follows.
Proof of Theorem 1.3 modulo powers of 2
Recalling the definition of S2 ℓ in (4.2), we must prove that
and g(τ ) ≡ E 2 (2τ ) − E 2 (τ ) (mod 64). We compute that
by computing sufficiently many terms of
4 (τ ) (mod 64), this completes the proof.
We apply Lemma 6.1 to (1.7) along with the fact that ψ(8τ ) = R −8 (τ ) to obtain
Let ℓ be an odd prime. By Proposition 3.1, we have
(mod 8).
This proves Theorem 1.3 when ℓ ≡ 3 (mod 8). Suppose now that ℓ ≡ 3 (mod 8). To simplify notation, let ρ 8 = ρ(8τ ). Recall (3.11) and the discussion that follows it, which together imply that for some integers c 0 , c 1 , c 2 depending on ℓ, we have
Similarly, it can be shown that there exists some d 0 ∈ Z depending on ℓ such that (mod 8).
The following proposition completes the proof. The left-hand side of (6.6) is the coefficient of q ℓ in S 15 R −31 + S 7 R −31 . As before, we compute that
Since ℓ ≡ 1, 7 (mod 8) and the form F 5 (mod 2) is supported on exponents which are 5 (mod 8), congruence (6.6) is true. Similarly, the left-hand side of (6.7) is the coefficient of q ℓ in S 23 R −31 + S 15 R −31 . We compute that S 23 R −31 + S 15 R −31 ≡ F 3 (mod 2).
Since ℓ ≡ 1, 7 (mod 8) and the form F 3 (mod 2) is supported only on exponents which are 3 (mod 8), congruence (6.7) is true.
